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Notes on Algebraic Potentials. 


1. Let X,=M(x—e) and X,= 1(x"—-a"). I propose to call 
X,, the ‘uth potential” of X,, and X, the “radical factor ”’ of 
X,. Since X,,, is divisible by X,, and X,, the problem of de- 
ducing the coefficients of X, from those of X, is connected with 
the theory of divisibility of polynomials. 


2. If is a prime number, (%)”—Za? is divisible by p. 
Hence, if the coefficients of X, are integers, they differ from 
- those of X, by multiples of p. 


3. If the indices of x in X, are all divisible by u, then 
X,=X,". 

Ex. 1. lf X,=%?+1, then X,=(¥?+1)2, X,=x6+4+1, 
X,=(x*—1)?, X,=(%+1)? 

Ex. 2. lf X,—x°—1, then X,,==(x®"—1)8. 


4. If wis a prime number, and Y,=X,/X,, then Y,—X,""1. 
If m is prime to n, then Y,,=Xjan/Xm- 

Ex. 8. Let X,=*-1, and Y,=X,/X,=*?+%+1, then 
Y¥,=(**—1)?. 

Ex. 4, Let X,=x-—1, and Y,=X,/X, ee eee 
then Y, gts 

Ex. 5.—Let X,=%?+4%4+1, Y,=x4+%84+4%2+4%41, 
Z,=X,/X,=Y,/Y,=x8 —x7+x5—x4+%8—x+1, then, if n 
is prime to 3 and 5, Zp K8™— HIM 4. 759 — YAO yon may 
If w is divisible by 3, but not by 5, then 

Li=(%4" + 8" +4 42+ xP 41)2. 

If m is divisible by 5, but not by 3, then Z,=(x2"+-x"--1)¢. 
If ” is divisible by 15, then Z,=(x"—1)8. 


es 
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5. If A and B are sums of alternate terms of X,, then 
X,=A?—B?, ; 

If u, v, w, are the sums of every third term of X,, then 
X,=us+ v8 +w — 3u0w. 

By these formulae X,, can be determined when 7=2"3”. 


6. Let X, be of degree m, and let P,=Ta (the ‘absolute 
term”), then P,=P,", and X,=2"—za".2"-)" + 3(ag)nx™—2 4... 
= +P, (1—Za-.4"-+ (ap) *x2"-+....). 

Za” and Sa~” may be obtained by ti.e process of dividing X, 
into its first differentials with respect to x and x1; hence X,, 
is completely determined when X, is of znd or 3rd degree in x. 


Ex. 6. [f X,=—x%8+x%-+1, the successive values of Ya” are 
derived from the expansion of (3+0+1)/(I+0+1+1), and those 
of &(By)" from that of (3+2)/(I+1+0+1). 

Hence ¥88+67x11+1 is divisible by x8+%+1. 


Ex. 7. If X,=x%—2x2-—2, then X,=x24—g60x%1¢—28, 
which is divisible by X,, X,/X, and X,/X,. 

Ex. 8. lf X,=%°+4%?+3, then X,=%27+ 271418 + 3°, which 
is divisible by X, and X,/X,. 


Ex. 9. If X,=%*5—5x+5, then X,=%15 + 53%19+55, 


7. When X, is of the 4th degree, the middle term of X, may 
be obtained in the following manner. 
Let X,=x4+ p45 + qx2+7x-+5 ; then aB+y8 is a root of 
y8—qy? + (pr—4s)y — (p28 — 4gs +72) =0. 
Let (x2 -++s)8 ~qu(x?+5)2+....=x8+a,x5+a,x4+...., then 
the successive values of E(aB)” are the terms of the quotient of 
6+54,+44,+34,+2a,+a, by I+a,+a,+a,+4,+4,+4,. 


Ex. 10. Let g=0; then 48 is a root of 
x8 + (pr—s)x4*—(p%+7?) x8+ (pr—s)sx?+s8=0. 
Hence 2(af)*=2(s—pr7), Zap) =3(p2+72), and 
| 2(aB)°=5(s— pr) (pb? +77). 
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Ex, 11. Let X,=x4+%5—1, then oP isa root of | 
~o+x4+x%8 —%2—1=0, 
and (6+0+4+3—2)/(I+0+1+1—I+0—1) 7 
=6, 0-2-3, 6, 5, I—14—2, 15, 23—22—39, 0 
Hence 2(aB)18 =o, and Riera Ons rane ee 


Ex. 12. If X, =*4+%+1, then X,=%?°+5x1?°—4v5-+1, and 
Mey gh? ° + 608%25 — 3741 9-- 7. 

Also, X,/X,=u+v+w, where se ehO — 9A gd Os Poe 
V=— %12-+2%9+ 2x8 —x8+1, W=X8 — 3xF+ x3, 

Hence &(u2—vw)=X,X, ,/X,X;. 


8. By means of the formulae 
2 %(aB)” = (Za")2 —Sa2”, 
2 2(ap)—"= (2a-") 2— Za-2", 
6 Z(aBy)"= (Za") § — 330"Za2"-+ 2508", etc. 


the third term of X, may be deduced from the 2nd term of X,,, 

the fourth term of X, from the 2nd term of X,,, and so on. 
The process is, however, a tedious one ; in many cases a more 

direct method may be employed, as I shall proceed to show. 


9. Let X,=x*—px"—q; then, if pw is divisible by 2, 
Xn= (x*—9)"— (px")”. 
If p—+v is divisible by m, then reat oes 


10. If Y eas Ge & n is odd, ‘hen ¥ =(ay?)"+un,y" +c", 
where 
U,=b" —nach"-2 +4n(n—3) (ac) 2b"-4 —4n(n— 4) (n—5) (ac) 8b"-6 +... 
Making y=1, we find that a+b-+c is a factor of 
a’ —3abc, 
a> — 5abc(b2 —ac), 
za" —7abc(b* —ac)?, 
%a11—r1abe(b2 —ac 


) {(02 —ac)§ + (abc)?}, 
4418 —13abc(b2 —ac) 


i( 
2 {(b? —ac)§ + 2(abc)*} , etc, 


4 


Let X,=a+56-+¢ (a trinomial in x); then X,, X,, X_«...are 
equivalent to the above expressions, provided that the indices of 
x in the result are all divisible by x. 

When u=5, it is always possible to equate the terms of X, 
to a, b, c, so that X,= a> —5abc(b? —ac). 

Also, X,/X,=AB—C?, where A=a?2+b2+¢2 —ac, 
B=a?+b?-+-c2 —b(a+c), and C=b(a+c) —ac. 

Ex. 138.—Let' X,=%x7+4%+1, then 

X pH uF 5 4+ e541 + 5429(K5—1)° and 
X [My = (424 — 47 + x2 +1) (x24 —K8 +42 —w +2) — (x8 — x7 +4) 8. 

Let X,=x7+4%2+1, then X ,=(%7 +%2)5+-1. 

Let X,=%7+45+1, then X= #554 4184-74 5y10(420-—7). 

Let X,=x7 ¢x4*+2, then X,=—%95 44294145415 (x10—1), 

Let X,=*74+4%5+1, then X,=%85+ (¥541)5, 

Let X,=%7+%+1, then X,=x89 + #80 47 —54%20(45—7), 


Ex. 14. Let X,=x8+4%8+1, then ° 

Kp (48 +-48)5 +1, 

Ky ewes ahh 4+ 7 ret (ytl —1) (x95 — 4488-34447). 

Dar Se thats wf ater? Tut Co alg tears § toh ded? inal ad «Sahin? 2) 

X, cannot be found by this method ; its value is probably 
H5O4 y2L 174+ 7(y S54 y284 14), 

Ex. 15. Let X,=x°+%+1, then X,, X,,, X,, are in- 
tractable, but 

Ket 88 4 eT 1 —174K17 (417 —1) 

(4203. — TEKS R 4 3178 — 36451 42098 4 =-Hx47 ea), 


11. This method can be applied when X, has more than 
three terms, provided that all the indices except two, and the 
sum of those two, are divisible by x. 

Ex. 16. Let X,=%5+px°+9x?+,7, 
then 
X p= (a8 +0) + (px) 5 + (x2) —5pgu (x8 +7) {(x8 +7)2—pgxs}. 


12; lf X,=Y,Z,, then X,~Y,Z,. 


Hes 
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Ex. 17. Let X,=*°+%—-2, Y,=*—I, 
Dicext xh et C44, 
then Z, — 725 1 6294+ 16x15 + 26%1°+ 31%° + 32, 
and 7, = x98 + x28 4424415244 —g747 +128. 
Ex. 18. Let X,=*7—2*°+1, Y,=*—I, 
Z pene xh + 04+ 48 — x2—x—TI, 
then Z, 804.725 420-4 21x18 11410 —x5—T, 
and. Ly * p42 4 B85 + 29428 +64x2t 29414 — —8x7—I. 
Ex. 19. Let X,=xtt+e41, Yy=x? +471, 
ee = 9 — 48+ x8 —x84+%8—K7 TI, 
then Z . * yA 5404 385480 + gx28—5420 + 6428—4t0-41 
and Baa — 499 + 0x89 + 44x77 + III Kee +175%55 + 170%4* 
4+ TI1%38 + 43422 +1144 +1. 
Ex. 20. Let X,=%11+4%7 +1, Y,=s?+44+1, 
Z, Bees oot s4 5 ars, 
then Z, * 68756 1 624 6x28 + 154214 140t4-+6a7 I. 
Ex. 21. Let X,=x7—7%+10, Y pert —A+23 
2%" ey etna 8, 
then Z, © p28 11420 + Bont 8 +.627K29-4+549x5+5° 
and °Z, 7884 a7y28 4 7237x214 IT 701Kt4 +-40319"" + 5%. 
Fx. 22. Let X,=%7+7x9+4, Y a tel ot da eS 
Z, — 75 —x%4— 481342 —%42, 
then Z x88 424x280 + 194x184 528420 — 1TH + 32, 
Ex. 23. Let X,=*°+17x—-6, Y =x? -2X +2, 
OREN Mie Steere, ieee le —4%84+5x%24+7%—3, 
then Z, * 85-4 11x80 Bqx28 4+627%29 +.4049%7° 
413805319 44428745 —3°. 
Ex. 24. Let X,=x7+13x%?—9, Yi =4%2+4+%+3, 
22° —x* mant+ 5x8 n—3, 
then ZL. = 725 + 34%20 4 393425 4+ 1525x129 + 31K" —35, 
Ex. 25. Let X,=*7—4x9+8, Y,=2?9 +2472, 
Z = x5 —2x4 +2x° —4x +4, 
then Z g =H25 —12K2° 432415 +2945 20% 
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Ex. 26, Let X,=%8+7x%—4, Y,=*5 —x*+2x-1, 
Z = x5 +44 —x8 —2%2+%+-4, 
then Z,=%?5-+-6x%?2° + 19x45 +153%1°-+ 60145 +45, 
and =Z,=x%85+436x28 + 510%21-4-3540%14-412041x7 +47. 
Ex. 27. Let X,=*! +3%*-1, Y,=**+2x?—1. 
LZ =H — 4? +P — x8 oa® 244 ot Pd, 
then Z,=%5°+ 4x45 -+11749 +2575 +.49%8° 4.824725 
+108%2°+ 867154 214194 5-41, 
and = Z,,=%18°—x%1174-274%1044 784914 597478 + 2862x885 | 
+12855%52+-41523%89 + 1r080x2% +26%18 +1. 


Ex. 28. Let X,=—2*11—23%-+-22, Y,=—%x°+%-2, 
L589 x8 + 2x5 +44 —4x® +34? -+6%—11, 
then X,=(%11—23%)> +225, Y,=(x5—1)(x?° +11%5 +32) 
and Z,=x*9°—10%85—36x5° +-602%25 — 294420 
— 10854%15+-12308%19-+95446x5 — 115. 
Ex. 29. Let X,=*8+3%8—-1, Y,=x8+%*—1, 
po v5 — x8 4%7-44x+1, 

then 2, , =x" *~ O7xP 8+ 2674477434042. 8, 


13. A function which is expressible in the forms A-+-mB?2 
and C2-+-nD? can also be expressed in the form E2 —mnF2, and, 
when m=n, it has two rational factors. (The exceptional case, 
where ==3, will be dealt with later.) 


Ex. 30. x4-+-4¥?+-I1=(x?+1)?+2%? 
= (%? —1I) 2-642 = (x242)% —3. 
Ex. 31. «4—6x? +1=(%2—3)2—8=(x2-+4+1)2—842 
: = (x°—1)*— 4x8, 
Ex. 32. Let a and 8 be roots of ¥2-++%+1=0, 
then %?+3=(*+2a+1)(*4+2B+1), and (%°+27)/(x?+3) 
= {x-+0(2B-+1)} {x-+B(20-+2)} {¢+B(28-+1)} {x+a(20-+1)} 
= (%* +343) (%? — 34+ 3). 


14, If m is a prime number of form 4m-+1, and -X, 
=A?—nB?, or if m isa prime of form 4m—1, and X=A2-+B2, 
then X,,/X, has two factors Y,, Z,, such that Y, =Z,=X,3"™, 


of 
Ex. 38. Let X,=x?+4%+1, Y,=x?—2x+1, } 


then X,=Y,=X,? Y,=(x8—2)2. 
Ex. 34. Let XS x2+K+7, Yi =%2+ 4x -+7, Ly =x? = 5x%+7, 
then Ney = Z2,—Xk. V2. 


Ex. 85. Let X,=x4+%%—2x+1, Y,=x+—2x8+4%-41, 
Z,=x*+4x5+43x2+4%+1, then X,=Y,=Z2,=X,Y,Z,. 

Ex. 86. Let X,=x9—5, Y,, Z,= xt +503 +1542 425x425, 
then X,Y,Z,=%1°—5° and Y,=Z,=(x19—535)2. 

Ex. 37. Let X,=x?+x-—1, Y,= {(x—1)5—1}/(x—2), 
Z,= {xF+(x+1)5} /(ax+1), then X,,=XnYnZm (unless m is 
divisible by 5). : 

Ex. 38. Let X,=**-+54°-+5, Y,,. Z,=*4450+5, 

Vi, W,=%4 +5808 +5, 
then X,=Y,=Z,=V,=W, = x29 +54%10455, 
Ex. 39. Let X,=%2+4%+2, X,=x14—13x%7427 
Y, =x +3x5 +2x4—x8 + 472112748 
Z => —4x5+ 9x4 —15x8+18x2—16x+8, 
then X,=X,Y,Z, and Y,=Z,=X,°. 

Ex. 40. Let X,=x?+11, x?+x+3, or x2+72¥1+54, then 
X,,/X, has two factors of roth degree. 

Ex. 44. Let X,=*2+%—3, x2+3x—1, or x* —x8—x2—y-+L1, 
then X,,/X, has two factors. 

Ex. 42. Let X,=x?+}1+1, then X,X,,/X,X, has two 
factors of 8th degree. 


Ex. 48. Let X,=x*+4v-+1, then X,X,,/X,X, has two 
factors of 24th degree. 


15. When ~ is an odd number, (x"—1)/(x—1)=II(x?—Awx +1), 
d being a root of an equation of degree $(m—1). 

Let X,=M(x—a) and Y,=U(x2—rA2x +22) ; then Y, is a 
rational factor of X,, and Y,=X2,. 


Ex. 44. Let 1=7 ; Peay 
then X, =%**8+2489 — 24-1, X,=x%1457x14—289x7—1, and 
Y= {(«—1)7—1} /(~ —2) = 2° —5x5+11x%4 —13%8+ Qv4 —3¥ +1. 

Let m=11, then X,=x5+x4—4x8—3x?+3x-+1 and X,, is 
divisible by {(« —1)11—1} /(x —2). 

Ex. 45. Let X,=x?—3x-+1; then X,/X, is divisible by © 
(¥—1)®-+-(x—I)8--1. 


16. Let u, v, w be the sum of every third term of X, ; then 
4X,/X,=(u+v—2w)2+3(u—v)?. Hence X,/X, can be ex- 
pressed in the form A?+-3B? in three ways, X,Y,/X,Y, in six 
ways, X,Y,Z,/X,Y,Z, in twelve ways, and so on. 

Ex. 46. 4(«° —1)/(x—1)= (x4 +28 4-24-+1)2+3(x4—1)2 

= (2x4 +43+-%-+2)?+3(x8—x)? 
(2x* +x8-+4+-x%—I1)? +3(x34+%-+1)? 
(x4 —x8—x—2)243 (04 x844)2 
(x#+-2%3—x-+1)?2+3(x4-+4+4+1)? 
(x4—x8-+2%-+1)2-+-3(x4-+-%8-+1)2. 


| 


| 


| 


17. In trinomial equations, various properties of the roots can 
be investigated by means of the potential coefficients. 


Ex. 47. Let a, 8, y.. . be roots of *®+x+1=0, then the 
successive values of Z(aB)” are 
T6,°0, 0, 3,0; 20, 15,0; 8,530, Fora 
and those of Z(aB)-” or of 2(ySet)” are 
15, @; 0,°3, 4) 5, T5)°14; D2, 42, 25) 55s ee 
It xdy/ydx=15+3x75+10x7-5+15x%-8+ ...., then aBis a 
root of y=o, or of 
415 — y12 — y11— y10 — 2x 9— x81 2 y6-42 v5 + ¥8 _T—0. 
If xdz/zdx=15+3x-%+4x744+5x% 5+... ., then z=0 is the 
same equation reversed. 
Similarly it may be shown that oBy+ ef is a root of 
x10 — ox8-+27%8-+4+2%5 —27%4— 948 +64-4+-I=0. 
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